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Abstract. A description of five mathematical models of the water-retention
capacity of soil is given, taking into account the hysteresis phenomena. A
computational experiment was carried out with these models using data on
sandy soil. The experiment consisted of: (i) tuning of the models (parameter
identification) by the method of dot-approximation of experimental data on
the main drying and wetting branches of the hysteresis loop using an
optimizing algorithm; (ii) the predictive calculation of the scanning branches
of the hysteresis loop; (iii) a comparison of the errors in tuning results and
the predictive calculation using the Williams-Kloot criteria. The
commensurate and sufficiently low errors in the adjustment of the models
have been achieved. The differences in the calculation of the scanning
hysteresis branches are revealed. The practical significance of the
mathematical models presented is to ensure the calculation of precision
irrigation rates. The application of such rates in irrigation farming will help
to prevent excess moisture from flowing beyond the root layer of the soil
under the influence of gravity and, thus, to minimize the losses
(unproductive consumption) of irrigation water, fertilizers, meliorants and
plant protection products, and also reduce the risk of groundwater
contamination with agrochemicals and eutrophication of water bodies.
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1 Introduction
One of the most important indicators characterizing the hydrophysical properties of the soil
is its water retention capacity. This indicator is usually described as a relationship between
the volumetric water content θ [cm3·cm–3] and the capillary pressure of soil moisture
 [cm H2O]. Due to the hysteresis phenomena, the water-retention capacity curves,
constructed from the measurements of soil drainage, do not coincide with the wetting curves.
Direct measurement of water-retention capacity is a laborious process. Taking into account
the multiplicity of the scanning branches filling the hysteresis loop of the water-retention
capacity of the soil, measuring this index represents an almost insoluble problem. In this
paper, a description of five mathematical models of the water-retention capacity hysteresis is
described. The purpose of the work is to verify the presented models and compare them by
the prediction error of scanning branches on the example of sandy soil.
In irrigation farming, the availability of the water-retention capacity of the soil data is an
important condition for irrigation rates calculation. The simplest (but insufficiently accurate)
method of this calculation is based on the use of the main drying branch data. This branch is
usually measured by the press method, successively replacing water with pneumatic pressure
from previously saturated moisture samples. A number of singular points separating the
intervals of qualitatively different moisture states could be allocated from the experimental
curve obtained by this method. Values θ , corresponding to these points are called soilhydrological constants. Such constants include: field capacity (FC), the moisture of capillary
break (CB), moisture of permanent wilting point (WP), maximum hygroscopy (MH). In
irrigation agriculture, irrigation rate is often calculated by the difference in FC-CB or from
the difference between FC and the pre-assumed volumetric water content. With this
approach, a methodological error is quite obvious. Indeed, FC and CB are determined from
the main drying branch, but in irrigation the change of moisture states in the soil is described
not by the drying branch, but by the wetting branch. Therefore, using the drying branch for
irrigation rate calculation leads to significant errors in the results of the calculation. Further,
an explanation of the cause of these errors is offered.
The ability of soils to retain water is determined not by their moisture reserves, but by its
capillary pressure. In other words, if the quantity θ reaches a value that corresponds to FC,
this does not mean that moisture does not flow off the soil root layer. In accordance with the
idea of the nature of the water-retention capacity, soil moisture is in a capillary-suspended
state until a negative value  does not exceed the value that corresponds to FC on the main
drying branch. A feature of the water-retention capacity hysteresis is that the scanning
wetting branches, which start from certain reversal points, are located below the main drying
branch. Thus, if the estimated soil moisture is CB, then under FC-CB the soil reaches a
moisture content equal to FC; but the value  is higher than the value that corresponds to
FC on the main drying branch; and excess moisture flows under the action of gravity beyond
the root layer [1]. The authors do not propose to prove the negative nature of the applying
excessive irrigation rates consequences (unproductive irrigation water consumption, washing
out of nutrients and other agrochemicals in groundwater, etc.). It is more important to indicate
the reason for overestimating the irrigation standards and to suggest ways to solve it.
Probably, this problem can be solved by using a predetermined and measured wetting
branch in the calculation of irrigation rates. With this assumption, one can partially agree if
irrigation farming is conducted in conditions that are protected from atmospheric
precipitation. If the cultivation of crops is carried out in natural conditions, at the beginning
of precipitation, soil moisture transfers from the states supposable described by the main
drying branch, to the states described by the scanning (in this case, primary) wetting
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branches, starting from the reversal points, whose positions are not known in advance (the
probable nature of the weather forecast). The end of precipitation leads to a transition to
scanning (in this case - secondary) drying branches from the reversal points, the positions of
which are also not known in advance. Hence, it becomes obvious that an unlimited number
of measurements of the scanning branches of the hysteresis loop will be required in order to
take into account possible scenarios of atmospheric soil moisture, which is practically
impracticable. Thus, the only method of obtaining the necessary data is the method of
mathematical modeling.

2 Materials and Methods
Literature data on the water-retention capacity of light granulometric composition soil Dune
sand are used in the paper [2].
The concepts of pore size distribution, as well as capillary phenomena in pore space,
appear to be very productive in modeling of the hydrophysical properties of soil [3].
Developing Kosugi's ideas [4, 5], the authors use the following formulas to describe the main
drying branch of the soil WRC:
2
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complementary error function.
If ψe  0 , so: approximation (2) is a model of Kosugi [4, 5]. In the paper [6], a
description of the continuous approximation of relation (2) in the class of elementary
functions is given:
n  1
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(3)

Approximation (3) is reduced to the model proposed in articles [7-9], but unlike this
model, the approximation parameters (3) are physically interpreted.
As is known, one of the widely used models of water-retention capacity of the soil is the
model proposed by Van Genuchten [10]:
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It is easy to see that when ψe  0 and n  1 functions (3) and (4) practically coincide.
The assumption that the differential moisture capacity function is used in the hysteresis
modeling μψ  θS  θR  dSe dψ at each point on the hysteresis loop branches takes only
two values corresponding to the sorption and desorption equilibrium of moisture. Therefore,
two sets of parameters are used to describe the branches of the hysteresis loop: one set for all
drying branches and one set for all wetting branches. Scanning (primary, secondary, etc.)
branches start from reversal points, the calculation algorithm of which is proposed in [11].
On the basis of these concepts, we will now describe a set of five hysteresis models for the
water-retention capacity of the soil.
The first model from the set is the Scott-Haverkamp model (WRC-SH), which is based
on the function described by relation (3) when ψe  0 [9, 11]. The second model from the
set is an improved Scott-Haverkamp model (WRC-SH+), which is based on the function
described by relation (3) when ψe  0 [6, 9, 11]. The third model from this set is the ScottKosugi model (WRC-SK), which is based on the function described by relation (2) when
ψe  0 [4, 5, 11]. The fourth model from the set is an improved Scott-Kosugi model (WRCSK+), which is based on the function described by the relation (2) when ψe  0 [4-6, 11].
The fifth model from the set is the Kool-Parker-Van Genuchten model, which is based on the
function [10, 12], described by the relation (4).
The following parameters are used in the listed models: ψ 0,d [см H2O], ψ e,d [cm H2O]
and n d (for drying branches), as well as ψ0, w [cm H2O], ψe, w [cm H2O] and n w (for
wetting branches). In the second and fourth models there are additional parameters ψ e,d (for
drying branches) and ψe, w (for wetting branches). Interpretation of these parameters was
proposed in [6].
The following formulas are used to describe the drying branch, starting from the i-th point
on the wetting branch [13, 14]:
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The following formulas are used to describe the wetting branch, starting from the j-th
point on the drying branch:
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3 Results
A computer program called «Hysteresis» has been developed based on relations (1)-(6) in
which: (i) the parameters of the above mentioned WRC hysteresis models are described; and
(ii) the predictive calculation of the scanning branches of the hysteresis loop is held.
Computational experiments were carried out using this program and experimental data on
sandy soil Dune sand [2]. The first experiment consisted in tuning (identifying the
parameters) of all models from data on the main branch of desiccation and the main branch
of moistening of the soil under investigation. The parameters of the five compared models
are shown in Table 1.
Table 1. Parameters for soil Dune sand models[2]: tuning is performed by both main hysteresis
branches
Models parameters
Models

θR

θs

ψ e,d

ψ e,w

ψ 0,d

ψ 0, w

nd

nw

1

WRC-SH

0.0960

0.3028

0

0

-33.65

-19.84

8.421

4.082

2

WRC-SH+

0.0934

0.3010

-19.82

-3.594

-33.68

-19.99

3.170

3.298

3

WRC-SK

0.0984

0.3015

0

0

-33.61

-19.79

8.287

3.983

4

WRC-SK+

0.0957

0.3002

-19.76

-3.576

-33.59

-19.92

3.104

3.191

WRC-KPVG

0.0936

0.3024

0

0

-33.10

-18.28

8.655

4.411

5

An example of the WRC-SK+ model setting up is shown in the Figure 1. With these
parameters, predictive calculations of the hysteresis loop scanning branches were carried out.
An example of a predictive calculation of the hysteresis loop scanning branches using the
WRC-SK+ model is shown in the Figures 2 and 3. With respect to the identification of
parameters and predictive calculations, the errors in these calculations (square root of the
average arithmetic squares of the calculation deviations results from the experimental data)
are shown in the Table 2. In this table, the minimum errors are highlighted by bold underlined
font. Further, the statistical hypothesis about the absence of reliable differences between the
compared models was tested. The verification was carried out using the Williams-Kloot
criterion [15]. The results of this verification are given in Tables 3 and 4. With respect to the
identification of parameters from data on the main drying branch and the main wetting
branch, the use of the Williams-Kloot criterion did not reveal significant differences.
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Fig. 1. Main drying and main wetting branches of water-retention capacity of «Dune sand»: curves –
dot-approximation; points - measured data.

Fig. 2. Scanning drying branches of water-retention capacity of «Dune sand»: curves – predictive
calculation; points - measured data.
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Fig. 3. Scanning wetting branches of water-retention capacity of «Dune sand»: curves – predictive
calculation; points - measured data.
Table 2. Comparison of the errors for the dot-approximation of the main branches and the predictive
calculation of the scanning branches of the soil water-retention capacity
RMSE − root mean square error

1

WRC-SH

Parameters
identification
from main
branches data
(48 dots)
0.0033

2

WRC-SH+

0.0026

0.0111

0.0083

0.0102

3

WRC-SK

0.0032

0.0108

0.0089

0.0103

4

WRC-SK+

0.0029

0.0106

0.0081

0.0099

5

WRC-KPVG

0.0032

0.0118

0.0088

0.0109

Models

Prediction od
drying scanning
branches
(95 dots)

Prediction of
wetting scanning
branches
(47 dots)

Prediction of all
scanning
branches
(142 dots)

0.0112

0.0091

0.0106

Table 3. A comparison of the five functions of the soil water-retention capacity, using the WilliamsKloot criterion, based on the evaluation of all the scanning branches
Comparable
models

1
and
2

1
and
3

1
and
4

1
and
5

2
and
3

2
and
4

2
and
5

3
and
4

3
and
5

4
and
5

λ

-0.64

-4.90

-0.98

8.15

-0.04

-5.33

1.43

-0.75

5.77

1.46

λ0.95

0.64

1.63

0.49

1.90

0.71

1.44

0.62

0.59

1.16

0.47

λ 0.975

0.76

1.94

0.59

2.27

0.84

1.72

0.74

0.71

1.39

0.56

Preferred

1=2

3

4

1

2=3

4

2

4

3

4
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4 Discussion
From the analysis of the obtained results, it follows that, according to the Williams-Kloot
criterion, all five models are statistically indistinguishable with respect to the error of dotapproximation of the experimental data on the main drying branch and the main wetting
branch of the WRC hysteresis. It can be assumed that this result is due to the fact that the first
and second models (WRC-SH and WRC-SH+) are continuous approximations of the third
and fourth models (WRC-SK, WRC-SK+), respectively. At the same time, for sandy soil (for
sufficiently large values of the parameters nd and nw ) the fifth model (WRC-KPVG)
practically coincides with the first model (WRC-SH).
However, there is no reason to assert that the compared models are statistically
indistinguishable with respect to the error in the predictive calculation of the scanning
branches of the hysteresis loop. Table 3 shows that the fifth model is significantly inferior to
the other four models. Of the ten combinations of pairwise comparison in four cases for the
fourth model, in two cases for the third model, in one case for the second model and in one
case for the first model is reliably more accurate. In this case, two compared pairs (the first
and second models, as well as the second and third models) are statistically indistinguishable.
The result can be explained as follows. A high error in the predictive calculation of the
scanning hysteresis branches of the fifth model is due to the low adequacy of this model,
since its parameters ψ 0,d , ψ 0,w , nd и nw have no physical meaning. A low error in the
predictive calculation of the scanning hysteresis branches of the fourth model is explained by
the high adequacy of this model, since all its parameters are physically interpreted. The third
model is somewhat inferior to the fourth model due to the lack of parameters ψ e,d and ψ e,w
in the third model. This result confirms the expediency of using these parameters in modeling
of the WRC hysteresis. The relative higher errors of the first and second models are evidently
due to the fact that they, as noted above, are continuous approximations of the third and fourth
models, respectively. The result of the statistical indistinguishability of the second and third
models is interesting, from which it follows that the continuous approximation of the fourth
model ( ψ e, d  0 and ψe,w  0 ) and third model (without parameters ψ e,d and ψ e,w ) have
commensurate errors in the predictive calculation of the scanning hysteresis branches.
Thus, it can be assumed that the use of the improved Scott-Kosugi model [4-6, 11] WRCSK+ will be most effective in the modeling of the WRC of sandy soil for precise irrigation
rates calculation. At the same time, if we take into account the simplicity of the functional
description of the dependence θψ in the improved Scott-Haverkamp model [6, 9, 11], as
well as the second result of this model with respect to the error in the predictive calculation
of the scanning hysteresis branches (see Table 2), then from the application of the WRC-SH+
model it is also possible to expect a fairly high efficiency in practical irrigation farming.

Conclusions
1. With respect to the error of the dot-approximation of the experimental data on the main
drying branch and the main wetting branch of the WRC hysteresis, all five compared models
(by the Williams-Kloot criterion) are statistically indistinguishable.
2. With respect to the error in the predictive calculation of the scanning hysteresis branches
(according to the Williams-Kloot criterion): the fifth model is inferior to the four models; in
the case of a paired comparison, in four cases for the fourth model, in two cases for the third
model, in one case for the second model and in one case for the first model is reliably more
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accurate; The first and second models, as well as the second and third models, are statistically
indistinguishable.
3. With respect to the predictive calculation of the scanning hysteresis branches, the high
error of the fifth model is due to the fact that the parameters of this model ψ 0,d , ψ 0,w , nd
and nw have no physical meaning; The low error of the fourth model is explained by the
adequacy of this model, all parameters of which are physically interpreted [6].
4. In the modeling of hysteresis, it is recommended to use the improved Scott-Kosugi model
[4-6, 11], as well as the improved Scott-Haverkamp model [6, 9, 11] for the calculation of
precise irrigation rates for crops cultivated on sandy soils.
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