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Abstract. At substantiating land amelioration and land management
designs, as well as during periods of operation and reconstruction of water
facilities, information support plays an important role in relation to the
hydrophysical properties of soil. Effective implementation of this support
faces a number of challenges. Such problems include the very high
laboriousness of carrying out the corresponding engineering surveys and
laboratory studies. In this regard, the methods of indirect estimating the
hydrophysical properties, the measurement of which requires considerable
labor, are very in demand for land amelioration and land management
practices. An equally acute problem is the problem of the functional
representation of the coefficients of the Richards equation, which is widely
used in engineering-hydrological calculations. The paper suggests: 1) the
original method for assessment of the ratio of the values of the hydraulic
conductivity function of soil to the moisture filtration coefficient using data
from direct measurements of the water-retention capacity of soil carried out
according to the standard procedure; 2) the mathematical model describing
the hydrophysical properties of soil, and the system of functions with
interpreted parameters that physically adequately describe the coefficients
of the Richards equation. In carrying out the study, data on soils of different
texture were used. A sufficiently low error in the dot approximation (fittingprocedure) of the experimental data confirms the physical adequacy of the
proposed system that includes the functions describing the coefficients of
the Richards equation.
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1 Introduction
In the construction industry, an important role is played by engineering surveys conducted
to study the hydrological conditions of the soils of the erection of buildings and structures
sites. In the period of operation and reconstruction of construction sites, data on these
conditions are also required. Among all the variety of construction objects, such data are of
greatest importance for hydraulic engineering structures, and, first of all, for irrigation and
drainage systems. Moreover, information about the hydrological conditions of the soils is
very relevant even in the period of operation and reconstruction of these systems.
The hydrological conditions of the soils are determined by the peculiarities of the terrain
climate, and by the hydrophysical properties of the soils. The most important hydrophysical
properties of soils include water-retention capacity and hydraulic conductivity. These
properties as well as data on the groundwater level are taken into account in the design of
drainage systems and the development of technologies for managing the water regime of the
root layer of the soil under planting of crops, as well as in calculating irrigation rates in
irrigation. The Richards equation is used to describe the dynamics of soil moisture [1]. This
equation relates to a family of partial differential equations of parabolic type with variable
coefficients. These coefficients describe the differential moisture capacity and hydraulic
conductivity of the soil continuum stratum. The independent variables of the Richards
equation are the spatial coordinates of the observation point of the moisture state (in the onedimensional case, the depth of the calculated layer) and time. The dependent variable is the
capillary pressure (capillary-sorption potential) of moisture. Essentially, the search for a
solution to this equation is reduced to a functional representation of these coefficients in the
form of continuous dependencies on the capillary moisture pressure. The primary function
of the differential moisture capacity is by definition a function of the integral moisture
capacity, which describes the water-retention capacity of the soil continuum stratum as a
relationship between the volumetric water content and the capillary moisture pressure of the
calculated layer. The motivation for this research is due to the fact that to date there has not
been offered an exhaustive theoretical justification for the considered dependencies on the
basis of fundamental physical concepts [2]. Typically, the relationship between volumetric
water content and hydraulic conductivity of capillary moisture pressure is described by
empirical formulas that approximate point data of direct measurements with some error. With
this approach, two problems inevitably arise. The first problem is the high laboriousness of
conducting direct measurements. The second problem is the following: if in the calculation
of the coefficient of the Richards equation that describes the differential moisture capacity,
the operation of differentiating the approximation of the function of the integral moisture
capacity is applied, then significant errors may arise. This is explained by the fact that this
operation is (by definition) unstable with respect to approximations. In other words,
differentiating the empirical dependence approximating the points on the water-retention
capacity curve can lead to a result that deviates markedly from the differential moisture
capacity curve. The presence of variable coefficients in the Richards equation does not allow
obtaining its analytical solution. Therefore, numerical methods with iterative procedures are
used to find the solution of this equation. The use of iterations inevitably leads to a
multiplication of the error in the results of calculations.
The solution of these two problems is seen in the development of a physically adequate
mathematical model of the hydrophysical properties of soil and the description of the
differential water capacity, water-retention capacity and hydraulic conductivity of soil by a
system of functions with common parameters. The purpose of this study is to analyze the
feasibility of applying hydrophysical functions to assess the hydraulic conductivity of soil in
the design, use or reconstruction of irrigation and drainage systems based on data on the
water-retention capacity of soil, as well as data on the moisture filtration coefficient. The task
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of the study is a comparative analysis of three systems of hydrophysical functions using the
criterion of the error in predicting the hydraulic conductivity of unsaturated soil according to
the data on the water-retention capacity of the soil and the moisture filtration coefficient.
The objects of the study are selected soils of different granulometric compositions
(texture), the data on which are borrowed from literature sources [3]. This choice of data is
conditioned by the authors desire to maximally objectively identify the advantages and
disadvantages of the hydrophysical functions used in the study, as well as the possibility of
an independent examination of the results obtained in this study. During the research,
methods of mathematical modeling and statistical estimation are used.

2 Materials and methods
To calculate the ratio of the function of hydraulic conductivity of the soil k (cm·c-1) to the
moisture filtration coefficient k S (cm·c-1) Mualem formula is used [4]:
2
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(   R ) / (S   R ) − effective moisture saturation of soil;  (cm3·cm-3) –
volumetric water content in the soil;  S (cm3·cm-3) – saturated volumetric water content in

the soil;  R (cm3·cm-3) – residual volumetric water content corresponding to the minimum
specific volume of moisture as a fluid in the soil;  (cm Н2O) – capillary moisture pressure.
To describe the water-retention capacity and hydraulic conductivity of the soil, a system
of hydrophysical functions with common parameters, Van Genuchten proposed to substitute
in dependence  () to the formula (1) in the form of:
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where:  (m Н2O-1), n and m – empirical parameters [5].
When m  1 function (2) is reduced to the models of predecessors [6-8], therefore the
use of formula (1) runs into a computational difficulty. However when m  1  1/ n ( n >1)
function (1) admits an analytical calculation:
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The approach for hydrophysical calculation using relations (2) and (3) has the name of
Mualem-Van Genuchten method, which is currently being used very well. At the same time,
this method has a relatively high error for the soil of a heavy granulometric composition, as
evidenced by the result obtained by Van Genuchten for Beit Netofa clay [5]. Relations (1)
and (2) form a system of soil-hydrophysical functions#1.
In the proposed approach by Kosugi describing the soil water-retention capacity, the
concepts of soil as a capillary-porous media are used, and the formula of Mualem (1) [9, 10]
are also used to calculate k / kS . Common parameters for functions  () and k () have
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the meaning of statistics of the lognormal distribution of the capillary soil pore radii. In the
papers [11, 12] Kosugi’s ideas are developed and a system of soil-hydrophysical functions #2
are described. The functions forming this system are represented in the following form:
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- complementary error function; n >0,
 0
(cm Н2О),  0 (cm Н2О)<  e – interpreted
  1/ (0  e ) (cm Н2О-1) ,  e
parameters (taking into account hysteresis for desorption branches  e  0 ; for sorption
branches  e  0 ).
In the paper [12] continuous approximations of the relations (4) and (5) in the class of
elementary functions are proposed using the simplified Winitzky formula [13]. Here the
relations (4) and (5) are respectively transformed to the form:
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Relations (6) and (7) form a system of soil-hydrophysical functions #3. When  e =0
function (6) reduces to the model proposed by Haverkamp and other predecessors [6-8]. The
parameters of functions (4)-(7) can be estimated from the physical and statistical indicators
of the soil. Parameter  0 characterizes the capillary moisture pressure, which corresponds
to the value of volumetric water content  0 , equal to half-sum  R and  S . Parameter  R
can be estimated by the value of soil maximum hygroscopy. Parameter  S can be calculated
by the formula:  S  1  b / p , where b − soil bulk density; p − soil particle density.
Physical and statistical meaning of the parameters n and  is seen from formulas:


n 4 / ( 2
) ,  rmax r0 / ((rmax  ro )) or  ro  when rmax  r0 . In these formulas:
r0 − pore radii, which corresponds to the most probable value of a normally distributed
random variable ln((r  rmin ) / (rmax  r )) with standard deviation  ; r − capillary pore
radius; rmax − radius of the largest pore; rmin − radius of the smallest pore;  − dimensional
constant in Laplace's law   e    r , which is calculated by the formula
  2 cos  / ( gW ) , where  − coefficient of surface tension of moisture at the boundary
with air,  − the contact angle of the surface of soil particles, g − gravity acceleration, W −
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density of the water. An estimate of this constant is known:  = 0.149 cm2 [6, 14-16].
Parameter  e characterizes the boundary value of the interval  on the isotherm of soil
drying, which corresponds to the entrance pressure of air [17].

3 Results
Here are the results of a comparative analysis of the three systems of hydrophysical functions
using the error criterion for predicting the hydraulic conductivity of unsaturated soil
according to data on the soil water-retention capacity and the moisture filtration coefficient.
Literature data for eight soils of different granulometric compositions were used.
Van Genuchten investigated the Beit Netofa clay, along with the other four soils with lighter
granulometric compositions [5]. For these four soils, Van Genuchten obtained quite
satisfactory results, but for the Beit Netofa clay from the Mualem catalog [3], the result was
rather doubtful. That is why; this article also considers this soil. In addition, data on seven
soils with lighter granulometric compositions were also used from the Mualem catalog [3]
and which were not considered in Van Genuchten’s article [5].
In the Figures 1-8 solid curves show the results of a dot approximation of the
experimental data on the soil water-retention capacity, as well as predictions of the relative
hydraulic conductivity k / kS unsaturated soil. The red curves are corresponding to the
system#1 and have been drawn using the Van Genuchten soil water-retention capacity
function (WRC-VG) and the Mualem-Van Genuchten soil hydraulic conductivity function
(HC-MVG). The blue curves are corresponding to system#2 and have been drawn using the
improved Kosugi soil water-retention capacity function (WRC-K+) and the improved
Mualem-Kosugi soil hydraulic conductivity function (HC-МK+). The green curves are
corresponding to the system#3 and have been drawn using the improved Haverkamp of the
soil water-retention capacity function (WRC-H+) and the Mualem-Terleev soil hydraulic
conductivity function (HC-МT). In the Figures 1-8 black circles represent experimental data
of water-retention capacity, and white squares are the relative hydraulic conductivity of the
investigated soils.
In the Table 1, the values of the parameters for each of the three compared systems of
hydrophysical soil functions are shown. In the Table 2, the errors of the dot approximation
of the experimental data on the soil water-retention capacity, as well as the predictions of the
relative hydraulic conductivity k / kS unsaturated soils for the three compared systems of
soil-hydrophysical functions are shown. The boldface indicates minimum errors.
Data about soil chemical properties was determined for fine earth (Table 2). Obtained
data indicated that soils are characterized by following features. Soils were characterized
principally by strongly acidic (pH 5.1-5.5) conditions in Kharsaim, slightly acidic and almost
neutral (pH 6.1-6.9) conditions in Aksarka, Labytnangi and Murmansk (Table 2). The pH
values were characterized mostly as strongly acidic (pH 4.7-5.1) for Salekhard and Kharp
key plots. Particle size distribution analysis showed predominance of silt fraction in soils of
key plots located on the river terraces of Ob´ River (Aksarka, Kharsaim) and predominance
of sand fraction in soils of the other key plots (Salekhard, Labytnangi, Kharp, Murmansk)
(Table 2). The total organic carbon content in studied soil samples showed relatively high
variability (values ranged between 0.19 % and 14.58%). It might be caused by high
heterogeneity of soil material in studied technosoils due to the mixing caused by human
activity.
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Capillary pressure of moisture (abs. value), cm H2O
Fig. 2. «3405 Indio loam».

Relative hydraulic conductivity

Volumetric soil water content, cm3·cm–3

Fig. 1. «1006 Beit Netofa clay».

Capillary pressure of moisture (abs. value), cm H2O
Fig. 4. «4131 Berea sandstone».

Relative hydraulic conductivity

Volumetric soil water content, cm3·cm–3

Fig. 3. «4120 Gilat-fine sand».

Capillary pressure of moisture (abs. value), cm H2O
Fig. 5. «4133 Fine sand (G.E.#13)».

Fig. 6. «4134 Volcanic sand».
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Capillary pressure of moisture (abs. value), cm H2O
Fig. 7. «4135 Gravelly sand G.E.9».

Fig. 8. «4136 Fine sand G.E.2».

Table 1. Parameters of soil-hydrophysical functions.
Soil

1006 Beit
Netofa clay

3405 Indio
loam

4120 Gilatfine sand

4131 Berea
sandstone
4133 Fine
sand
(G.E.#13)

Parameters

System
#

θS ,
cm3·cm-3

θR ,
cm3·cm-3

1

0.446

0

cm Н2О
–

2

0.459

0.228

3

0.465

1

0.467

2

α,
cm Н2О-1

n

0.0015

1.17

0

0.0004

0.835

0.222

0

0.0004

0.803

0.033

–

0.0060

1.814

0.468

0.055

–45.26

0.0034

1.148

3

0.472

0.052

–46.47

0.0034

1.156

1

0.205

0.068

–

0.0047

1.512

2

0.198

0.072

0

0.0011

0.895

3

0.202

0.072

0

0.0012

0.896

ψe ,

1

0.207

0.069

–

0.0098

8.861

2

0.206

0.070

–23

0.0123

6.603

3

0.207

0.069

–23

0.0123

6.871

1

0.360

0.068

–

0.0104

6.897

2

0.360

0.072

0

0.0101

6.257

3

0.360

0.071

–3.56

0.0104

6.359

4134
Volcanic
sand

1

0.365

0.073

–

0.0230

6.758

2

0.365

0.075

–0.62

0.0226

6.065

3

0.365

0.073

–8.38

0.0274

5.151

4135
Gravelly
sand G.E.9

1

0.321

0.080

–

0.0144

2.961

2

0.321

0.084

0

0.0117

2.481

3

0.322

0.082

0

0.0117

2.559

1

0.326

0.062

–

0.0071

4.060

4136 Fine
sand G.E.2

2

0.325

0.066

0

0.0064

3.571

3

0.327

0.064

0

0.0064

3.700
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It can be seen from Table 2 that the errors for all three systems of functions for dot
approximation of the measured soil water-retention capacity are commensurable and quite
low. Nevertheless, for the prediction of the hydraulic conductivity of unsaturated soils, the
results are different. For «4131 Berea sandstone», «4133 Fine sand (GE#13)», «4134
Volcanic sand», «4135 Gravelly sand G.E.9» and «4136 Fine sand G.E.2» the errors are
commensurate for all three systems, but for «1006 Beit Netofa clay», «3405 Indio loam» and
«4120 Gilat-fine sand» [18], the errors of the system#1 are noticeably higher than the errors
of the systems#2 and #3 that are commensurable and quite low. This indicates a more
universal character of systems#2 and #3. And this is explained by the fact that the functions
of systems#2 and #3 are physically adequate.
Practical value of the Mualem-Van Genuchten method is obvious: it allows abandoning
labor-consuming dimensions of dependence k () . As the results obtained in this paper
show, function (2) accurately approximates the experimental data. The derivative of the
function (2) is described by a dome-shaped curve, which is characteristic of the differential
moisture capacity of the soil. The Mualem-Van Genuchten method allows accurately
predicting the relative hydraulic conductivity of unsaturated soils of different granulometric
compositions, except for heavy soils, as can be seen from the example of Beit Netofa clay.
The reason for the high prediction error of k / kS is in the limitation n >1 for function (2)
parameter. But the main disadvantage of this method is that the parameters of functions (2),
(3) have no physical meaning. For this reason, the prediction k / kS by function (3) is
essentially limited by that range of values  , for which the empirical parameters  and n
of function (2) were calculated. In the Figures, this range is highlighted by a darker
background.
Table 2. Comparison of the results of dot approximating the measured water-retention capacity
and predicting the relative hydraulic conductivity of unsaturated soils with experimental data.
RMSE − root mean square error
Soil

System#1

System#2

System#3

WRC-VG

HC-MVG

WRC-K+

HC-МK+

WRC-H+

HC-МT

1006 Beit Netofa clay

0.0089

0.2769

0.0103

0.0422

0.0104

0.0811

3405 Indio loam

0.0171

0.1018

0.0179

0.0471

0.0180

0.0507

4120 Gilat-fine sand

0.0056

0.0868

0.0058

0.0412

0.0060

0.0581

4131 Berea sandstone

0.0038

0.0848

0.0039

0.0730

0.0038

0.0737

4133 Fine sand
(G.E.#13)

0.0038

0.1455

0.0043

0.1435

0.0039

0.1359

4134 Volcanic sand

0.0090

0.0242

0.0092

0.0233

0.0087

0.0240

4135 Gravelly sand
G.E.9

0.0038

0.0388

0.0046

0.0474

0.0038

0.0387

4136 Fine sand G.E.2

0.0033

0.1907

0.0045

0.1830

0.0034

0.1774

In this article, functions (2) and (3) are contrasted to the functions (4)-(7), forming
systems#2 and #3. The functions of these two systems are physically adequate, which makes
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it possible to predict k / kS more precisely outside the range of values  , for which the
parameters of these functions were estimated by the method of pointwise approximation of
the measured dependence  () .
Comparing the systems#2 и #3, it should be noted that in the system#2 a special function
erfc( x) is used. Given the relatively low accuracy of measuring the water-retention capacity
and hydraulic conductivity of the soil in currently conducted laboratory studies, the use of
special functions for describing these hydrophysical properties is, according to the authors,
somewhat redundant. Taking into account that using relations (4), (5) is commensurable with
the relations (6), (7) the error of the dot approximation of the measured water-retention
capacity and the prediction of the relative hydraulic conductivity of the unsaturated soils of
different granulometric compositions, and also that the relations (6), (7) belong to the class
of elementary functions and have simpler analytical description. It seems expedient to apply,
first of all, the system#3 in various soil hydrophysical calculations including the search for
the solution of differential equations in partial derivatives of a parabolic type, such as the
Richards equation [1, 19-24].

4 Summary
Three systems of hydrophysical functions can be used in the design, operation or
reconstruction of irrigation and drainage systems. The advantage of these systems is that
every of them have common parameters. The parameters of system#2 and #3 are represented
by physical and statistical interpretations.
Comparative analysis of the three systems of hydrophysical functions was carried out
using the error criterion of predicting the hydraulic conductivity of unsaturated soil according
to data on the water-retention capacity of soil and the moisture filtration coefficient. For the
analysis, soils of different granulometric compositions were selected, the data on which were
taken from literature.
With regard to the error in the dot approximation of the experimental data on the soil
water-retention capacity, all three systems of functions have commensurate and sufficiently
low errors. With regard to the prediction of the relative hydraulic conductivity of unsaturated
soils, three systems have comparable errors for five soils under study, but for three
investigated soils system#1 has relatively more high errors than the errors of the systems#2
and #3 that are comparable. These errors are explained by: i) the formal character of the
parameters of the system#1, which have no physical meaning, and ii) a mathematical
restriction on one of the parameters, which significantly narrows the scope of the functions
from the system#1.
From the analysis it follows that the soil-hydrophysical functions from systems#2 and
#3 have a more universal character, which indicates their physical adequacy and the
possibility of use in different hydrophysical calculations.
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